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We get a necessary condition under which a nonsimple knot (i.e. a satellite knot) admits a nontrivial surgery producing a lens space. Interesting corollaries are: ( 1 ) if a lens space can be obtained from a nontrivial surgery on a nonsimple knot, then the order of its fundamental group is not smaller than 23; (2) any nonsimple knot admits at most one nontrivial surgery which produces a lens space.
Some topologists are interested in the problem of doing surgery on a knot complement to get a lens space. This note is devoted to providing more information on this problem. Our main result is the following: Theorem 1. If a lens space can be obtained from a non trivial surgery on a nonsimple knot (i.e. a satellite knot) J(K), then K is a torus knot and J is a closed braid in a tubular neighborhood of K.
There are two interesting corollaries of Theorem 1. D. Gabai proved that one cannot get a lens space with fundamental group of order 1 (i .e. S ) from a nontrivial surgery on a nonsimple knot (in fact nonsimple knots have property P). J. Bailey and D. Rolfsen [BR] (also R. Fintushel and R. Stern [FS] and C. Gordon [G] ) proved that some lens space with fundamental group of order 23 can be obtained from a nontrivial surgery on a nonsimple knot. The first corollary says that 23 is the smallest possible. Corollary 1. If a lens space can be obtained from a non trivial surgery on a nonsimple knot (i.e. a satellite knot), then the order of its fundamental group is not smaller than 23.
M. Culler, C. M. Gordon, J. Luecke, and P. Shalen [CGLS] proved that there are at most two nontrivial surgeries on a nontorus knot which produce lens spaces. Corollary 2 below says that a nontorus knot which admits two nontrivial surgeries producing lens spaces must be a hyperbolic knot. (Berge found infinitely many such nontorus knots.) Corollary 2. Any nonsimple knot admits at most one nontrivial surgery which produces a lens space.
Let K be a nontrivial knot in S , N(*) denote tubular neighborhood. X =
Let f : S x D -> N(K) be a homeomorphism which determines the 0-frame of K ,i.e. f(S x *) = 0 G Hx (X). Now choose an arbitrary orientation of K : Let k = f(S x *) be the longitude and p -f(* x dD ) be the meridian. If r = % gQUoo, p,nGZ , and (p,n) = 1 , then (E(K) ,r) = (K,r), and the result of Dehn surgery of type r on K is XuhSl xD2, where h: Sx xdD -> dX is a homeomorphism such that «(* x dD ) = pp + nX G //, (OX).
S denotes a solid torus. J will always denote a circle in S which does not lie in a ball in S and is not isotopic to the center line of 5. The winding number w of J is the integer w > 0 such that HX(J) -► HX(S) has image wZ . The exterior of / is Y -S -int N(J).
Let K be a knot and /: S -> ^(ÄT) as above. Then J(K) denotes the knot /(/) in S3. We call J(K) a nonsimple knot or a satellite knot. T is the torus. T is the (p, q) torus knot. The proof of Theorem 1 will employ the following results: [CGLS] : If K is not a torus knot then nx(K,r) can be cyclic only if r is integer. Moreover, there are at most two such integers r, and if there are two then they must be successive. Finally, if nx(K,r) -0, then r -1 or -1.
[Ga2] (see also [S] ): Let M be an irreducible cobordism between tori TQ and r, without nonboundary parallel essential torus, F be a Thurston norm minimizing surface representing an element in HJM, Tx) which does not hit TQ . Then for all but at most one slope r on TQ, (M, r) is irreducible and F is still Thurston norm minimizing in (M ,r) , where (M ,r) is constructed by attaching a solid torus S to T0 such that r bounds a disk in S. Gal]: Let J be a knot in S xD whose geometric intersection with *xZ)ĩ s nonzero. If M is a manifold obtained by a nontrivial surgery on J and M is a solid torus, then / is a braid in S x D . Satellite knots have property P, i.e., nontrivial surgery on a satellite knot yields a nonsimply connected manifold.
[G]: (l)Hx(J,r) = Z®Z(wjj).
(2) If (J(K) ,r) is a lens space L(p) for some integer p , then (J ,r) = S#L(q), where q is 1 or p , and (J(K) ;r) = (K; z^)#L(p).
Proof of Theorem 1. For a nonsimple knot K = J(K), Suppose (J(K);r) is a lens space. By [CGLS] , r is an integer p . By [G] , we have L(p) = (J(K),p) = (K;-?2)#L(q) w and (J;p) = S#L(q). If q = 1 , then (J ;p) = S. Since / does not lie in a ball in /V(.ty), its geometric intersection number with a meridian disk of N(K) is nonzero. As the surgery is nontrivial, by [Gal] , J is a braid in N(K) ; therefore w > 2 (otherwise J is a core of N(K) ). Next we claim that K is a torus knot, because w > 2, A / p . If A is an integer, then
since Hl(K,-gI) = Z-fo ¿Zp. So j£ is not an integer. By [CGLS] , K must be a torus knot. So in the case q = 1, we are done. If q =p,then (K;^) = S3.
Base on [Ga2], applying the same argument of the proof of Corollary 5.2 of [S] to the situation (J ,p) = S#L(p), one can show that w is not zero.
Furthermore, K is not a torus knot (torus knots have property P ) which implies that p = w or -w by [CGLS] . Now we have HX(J, ±w ) = Z @ Z,w w2) = Z®Zw and (J, ±w2) -S#L(w2) by [G] . This implies that w must be ±1. But then p = ±1 , so (K ,r) = (K, ± 1) = S3, which contradicts the fact that satellite knots have Property P.
Theorem 1 is proved. D
The proof of two corollaries also need the following result of L. Moser (see [M] ).
Otherwise (Ts.t;,J¡¡) is a Seifert manifold with orbifold S2 on which there are three branch points of order s, \t\, and \nst -m\.
Proof of Corollary 1. Let A" be a satellite knot and (K ;r) = L(p). • w 2 p and w must be coprime. By [M] , p -w st± 1 . The minimum st such that 2 2 T t is nontrivial is 2x3 . So the minimum p = w st±l is 2 x2x3-1 = 23 .
D '
Proof of Corollary 2. Let K be a knot such that (K;n) and (K;p) are lens spaces. If A isa satellite knot, from the proof of Theorem 1, we see that « , p are integers which satisfy « = w st ± 1 , and p = w st ± 1. (Note that w , s , t, are determined by K ). Obviously, for any choice of w , s, t ; p ^ n ± I .
By [CGLS] , this is impossible. So K is a simple knot. D
